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Abstract
Current neutrino data are consistent with the so–called tribimaximal mixing scenario,
which predicts sin2 θ12 = 1/3, zero Ue3 and maximal θ23. This implies a special form
of the neutrino mass matrix. Introducing small breaking terms in this mass matrix
generates deviations from the tribimaximal scheme and leads to testable correlations
between the parameters. They depend on where the perturbation is located in the
mass matrix. A special case of such perturbations are radiative corrections. Al-
ternative deviations from tribimaximal mixing may stem from contributions of the
charged lepton sector. If there is quark–lepton–unification and it is the CKM matrix
which corrects the tribimaximal mixing scheme, then almost maximal CP violation
and sizable deviation from zero Ue3 are implied.
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1 Introduction
Neutrino physics aims to fully determine all parameters of the neutrino mass matrix [1].
Six out of the 9 physical low energy parameters are contained in the Pontecorvo–Maki–
Nakagawa–Sakata (PMNS) neutrino mixing matrix [2]. It is given in general by U = U †ℓ Uν ,
where Uν diagonalizes the neutrino mass matrix and Uℓ is associated to the diagonalization
of the charged lepton mass matrix. The PMNS matrix can be parametrized as
U =


c12c13 s12c13 s13e
−iδ
−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

diag(1, eiα, ei(β+δ)) ,
(1)
where we have used the usual notations cij = cos θij , sij = sin θij , δ is the Dirac CP
violation phase, α and β are two possible Majorana CP violation phases [3]. The values
of the currently known mixing parameters are at 3σ [4, 5]:
sin2 θ12 = 0.24 . . . 0.41 ,
|Ue3|2 ≤ 0.044 , (2)
sin2 θ23 = 0.34 . . . 0.68 .
The probably most puzzling aspect of those numbers is that two of the mixing angles are
compatible with two extreme values, namely zero for θ13 and π/4 for θ23. If confirmed by
future data, this will be a strong hint towards the presence of special non–trivial symmetries
in the lepton sector.
Regarding the neutrino masses, we neither do know what the precise value of the lightest
mass state is, nor do we know whether neutrinos are normally or inversely ordered. Instead,
we have some information on the mass squared differences whose ratio is, again at 3σ, given
by [4]
R ≡ ∆m
2
⊙
∆m2A
=
m22 −m21
|m23 −m21|
=
(7.1 . . . 8.9) · 10−5
(1.4 . . . 3.3) · 10−3 = 0.0215 . . . 0.0636 . (3)
Many models have been constructed [6] in order to explain the mass and mixing schemes
as implied by the data. A particularly interesting mixing scenario, which is compatible
with all current data, is the so–called tribimaximal scenario [7, 8, 9, 10], defined by the
following PMNS matrix:
U =


√
2
3
√
1
3
0
−
√
1
6
√
1
3
√
1
2√
1
6
−
√
1
3
√
1
2

 . (4)
It corresponds to sin2 θ12 = 1/3, Ue3 = 0 and θ23 = π/4. These numbers are referred to
as “tribimaximal values” in this paper. Many authors have considered this scenario1 from
1Originally, a very similar, but with recent data incompatible form has been proposed already in [11].
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various points of view [7, 8, 9, 10]. We would like to note here that the most recent SNO
salt phase data [12] shifted the central value of sin2 θ12 to slightly higher values (the best–fit
point went from 0.29 to 0.31 [5]). In addition, the allowed range of sin2 θ12 is now centered
around the value 1/3 more than before (from 0.21 . . . 0.38 or 1/3 +0.05−0.12 to 0.24 . . . 0.41 or
1/3 +0.08−0.09). Hence, tribimaximal mixing is more than ever an interesting mixing scheme to
investigate.
In the future one expects some improvement on our knowledge of the neutrino mixing
parameters (for summaries and more references, see for instance [13]). For our purposes,
we mention that (at 3σ) next generation reactor and long–baseline experiments will probe
Ue3 (sin
2 θ23−1/2) down to the 5 % (10 %) level [14]. Further precision requires far–future
projects such as neutrino factories or beta–beams. Low energy solar neutrino experiments
[15] can probe sin2 θ12 with an uncertainty of ∼ 15%, whereas more precision could stem
from reactor experiments with a baseline corresponding to an oscillation minimum [16].
In this letter we wish to analyze the predictions of two different methods to perturb the
tribimaximal mixing scenario. Instead of constructing models which realize such correc-
tions, we rather give a summary of many possible scenarios. This will hopefully give a
feeling for the expected values (in particular) of θ12,13,23 which can follow from models
leading to (approximate) tribimaximal mixing. First, we assume in Section 2 that the
symmetry basis coincides with the basis in which the charged lepton mass matrix is real
and diagonal. We then introduce at different positions in the mass matrix small breaking
parameters and analyze the resulting predictions for the oscillation parameters.
The second approach lies in the impact of contributions from the charged lepton sector
via Uℓ to Uν . The latter matrix is assumed to correspond to tribimaximal mixing. This is
discussed in Section 3. We present our conclusions and final remarks in Section 4.
2 Perturbing the Mass Matrix
We shall work in this Section in a basis in which the charged leptons are real and diagonal,
i.e., Uℓ = 1. In general, a neutrino mass matrix leading to the predictions sin
2 θ12 = 1/3,
Ue3 = 0 and θ23 = π/4 has the form
mν =


A B −B
· 1
2
(A+B +D) 1
2
(D − A− B)
· · 1
2
(A+B +D)

 , (5)
where
A =
1
3
(2m1 + e
iαm2) , B =
1
3
(eiαm2 −m1) , D = eiβm3 , (6)
3
or m1 = A − B and eiαm2 = A + 2B. Interestingly, removing B from the µ–τ block of
Eq. (5) will give sin2 θ12 = 1/2, i.e., exactly bimaximal mixing
2 [17]. As well known, both
the tribimaximal and the bimaximal mixing scheme are special cases of µ–τ symmetric
matrices, whose generic predictions are Ue3 = 0 and θ23 = π/4 [18, 19, 20].
Depending on the neutrino mass spectrum, the above neutrino mass matrix Eq. (5) sim-
plifies further:
• in case of an extreme normal hierarchy (NH) we have m1 ≃ 0 and consequently
A ≃ B with |A|, |B| ≪ |D|;
• in case of an extreme inverted hierarchy (IH) we have m3 = D ≃ 0. If in addition
m2 and m1 have opposite (identical) CP parities, one has A ≃
√
∆m2A/3 and B ≃
−2
√
∆m2A/3 (A ≃
√
∆m2A and B ≃ 0);
• in case of a quasi–degenerate spectrum we can neglect the mass splittings and have for
equal CP parities of m1 and m2 that B ≃ 0 and |A| ≃ |D|. If in addition m3 has the
same parity as m1 and m2, then the mass matrix is proportional to the unit matrix:
mν = A1 ≃ m0 1. If m1 and m2 have opposite parities, then A ≃ m0/3 ≃ −B/2
and |A| ≃ |D|/3. If sgn(m1)= sgn(m2)=−sgn(m3), then A ≃ −D, B = 0 and all
elements of the mass matrix are zero except for the ee entry A, and the µτ entry
−A. This matrix conserves the flavor charge Lµ − Lτ [21] and has for instance been
obtained also in Refs. [22].
In this letter we shall focus on the normal and inverted hierarchical case, since radiative
corrections, in particular for θ12, are in general very strong for quasi–degenerate neutrinos.
In the following Subsections we shall analyze perturbations of the tribimaximal mass ma-
trix. With perturbations we mean that an element of the matrix Eq. (5) is multiplied with
(1 + ǫ), where ǫ ≪ 1. These corrections might stem for instance from higher dimensional
Higgs representations of the underlying theory which generates tribimaximal mixing or by
the fact that the theory does not exactly reproduce the matrix in Eq. (5). There are two
cases which result in deviations of all three mixing parameters, namely perturbations in the
eτ element or in the µµ element. They are equivalent to perturbations in the eµ element
or in the ττ element when the sign of ǫ is changed. Alternatively, one can perturb the ee or
µτ element of mν and one will find that only the relation sin
2 θ12 = 1/3 is altered, whereas
Ue3 = 0 and θ23 = π/4 remain. This is because the µ–τ symmetry is unchanged when the
ee or µτ element are altered. In Section 2.1 and 2.2 we analyze these possibilities in case
of NH and IH, respectively. The case of applying radiative corrections to the mass matrix
is treated separately in Section 2.3.
2In this case we would have A = (m1 + e
iαm2)/2, B = (e
iαm2 −m1)/
√
8 and D as before.
4
2.1 Normal Hierarchy
Let us consider first the case of normal hierarchy, i.e., |D| ≫ |A|, |B|. It is known from
the study of µ–τ symmetric matrices that if the symmetry is broken in the electron sector,
|Ue3| deviates more from zero than θ23 does from π/4 [23]. Indeed, the matrix which is
obtained by perturbing the eτ element,
m′ν =


A B −B(1 + ǫ)
· 1
2
(A+B +D) 1
2
(D − A− B)
· · 1
2
(A+B +D)

 , (7)
predicts that θ23 remains rather close to maximal, θ23 = π/4 +O(ǫ2), and
sin2 θ12 ≃ 1
3
(
1 +
2
9
ǫ
)
and |Ue3| ≃ ǫ√
2
B
D
≃ m2 −m1
3
√
2m3
ǫ ≃
√
R
3
√
2
ǫ . (8)
Note that the parameters A,B,D drop out of the expression for sin2 θ12, leading to a sharp
prediction for solar neutrino mixing as a function of ǫ. The parameter |Ue3| is suppressed by
the small breaking parameter ǫ and by the ratio (m2−m1)/m3, which is roughly the square
root of the solar and atmospheric ∆m2. In total, one therefore expects that |Ue3| <∼ R. We
can write down the following correlations between the observables:
sin2 θ12 ≃ 1
3
(
1 +
2
√
2
3
|Ue3|√
R
)
and 〈m〉 ≃
√
∆m2⊙
3
≃ 2
√
2
27
|Ue3|
√
∆m2A
sin2 θ12 − 13
. (9)
The last equation holds in the limit A ≃ B, which corresponds to a very strong hierarchy
of the neutrino masses. Of course, the effective mass in case of NH is very small.
Now we perturb the tribimaximal mixing scenario in the µµ element, such that
m′ν =


A B −B
· 1
2
(A+B +D)(1 + ǫ) 1
2
(D − A− B)
· · 1
2
(A+B +D)

 . (10)
Then it holds for A ≃ B that
sin2 θ23 ≃ 1
2
(
1 +
ǫ
2
)
, |Ue3| ≃ ǫ
2
√
2
B
D
. (11)
In contrast to the case of breaking in the e sector, we have in the expressions for the
mass eigenstates now terms of order B and Dǫ, which might be all of the same order.
This prohibits to directly connect B/D with the ratio of the mass–squared differences.
Nevertheless, B/D is of the order of
√
R, so that a similar magnitude for |Ue3| as in case
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of a perturbation in the eτ element is expected. For the solar neutrino mixing angle we
find
tan 2θ12 ≃ 2
√
2
1 +D/B ǫ/4
, (12)
where in contrast to the previous case the parameters B and D, which are connected to the
masses, appear. Thus, as a function of ǫ there will now be a sizable spread in the allowed
values of sin2 θ12. We can rewrite the last formulae as
tan 2θ12 ≃ 2
√
2
1 + (sin2 θ23 − 1/2)2/(8
√
2 |Ue3|)
≃ 2
√
2
1 + (sin2 θ23 − 1/2)
√
∆m2A/〈m〉
, (13)
where the last estimate is valid for A ≃ B. From the approximative expressions for the
mixing parameters, we expect that both the deviations of sin2 θ12 from 1/3 and of sin
2 θ23
from 1/2 are larger when breaking occurs in the µµ element.
We relax now the assumption of an extreme hierarchy A ≃ B ≪ D and consider the
case that |A| and |B| are of the same order and one order of magnitude smaller than |D|.
Allowing further that those quantities are complex, we turn to a numerical analysis. Fig. 1
shows the results, which confirm our analytical estimates from above. In order to generate
this plot we required the oscillation parameters to lie in their allowed 3σ ranges given in
Eqs. (2, 3) and used the mass matrices from Eqs. (7, 10) with a fixed value of ǫ = 0.1. As
can be seen from the approximate expressions in Eqs. (8, 11, 12), the direction in which
the deviations of sin2 θ12 and sin
2 θ23 from their tribimaximal values go depend on the sign
of ǫ. This change of sign is equivalent to a relocation of the perturbation. For instance, for
positive ǫ and a perturbation in the eτ element, we have sin2 θ12 > 1/3. If ǫ is negative or
we break the symmetry in the eµ element with positive ǫ, we would have sin2 θ12 < 1/3.
Other breaking scenarios may be possible, for instance, one might perturb only the ee
element of Eq. (5). Then Ue3 and θ23 will keep their values 0 and π/4, respectively, and
only the solar neutrino mixing angle will be modified, according to
sin2 θ12 ≃ 1
3
(
1 +
4
9
A
B
ǫ
)
, (14)
where A/B is approximately equal to one for NH. The deviation is therefore small. Per-
turbing the µτ entry of mν also leaves Ue3 and θ23 unchanged and leads to
sin2 θ12 ≃ 1
3
(
1− 2
9
A+B −D
B
ǫ
)
. (15)
The deviation from 1/3 is rather sizable, since (A + B − D)/B ∼ 1/√R. Hence, sin2 θ12
lies typically close to its maximal allowed value.
2.2 Inverted Hierarchy
Now we turn to the inverted hierarchy, where the requirement of stability under renormal-
ization motivates us to study the case A ≃ −B/2. This can be understood from Eq. (6)
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which states that for A ≃ −B/2 the two leading mass states possess opposite CP parity.
This stabilizes the oscillation parameters connected to solar neutrinos [24]. For effects
solely attributed to radiative corrections, see Section 2.3. First we consider breaking in the
eτ entry of Eq. (5), i.e., the matrix from Eq. (7). Setting D = 0 we have
sin2 θ12 ≃ 1
3
(
1 +
2
9
ǫ
)
, |Ue3| ≃ A+B
2
√
2B
ǫ ≃ 1
4
√
2
ǫ ≃
√
3
14
√
R , (16)
where the last estimates for |Ue3| are valid for A ≃ −B/2. In this case we also have
sin2 θ12 ≃ 1/3 (1 + 8
√
2 ǫ/9). In contrast to the case of normal hierarchy given above,
atmospheric neutrino mixing can deviate significantly from maximal, namely
sin2 θ23 ≃ 1
2
(1 + ǫ) ≃ 1
2
(
1 + 4
√
2 |Ue3|
)
. (17)
The parameters A,B,D drop out of the expressions for sin2 θ12 and sin
2 θ23, leading to a
sharp prediction for this observable.
The next case is to break the symmetry in the µµ element, i.e., we consider Eq. (10) with
D ≪ A ≃ −B/2. As a result,
|Ue3| ≃ A+B
4
√
2B
ǫ ≃ 1
8
√
2
ǫ , sin2 θ23 ≃ 1
2
(
1− A(A+B)
2
√
2B
ǫ
)
≃ 1
2
(
1− 1
8
√
2
ǫ
)
, (18)
which shows that Ue3 and sin
2 θ23 witness only small corrections. What regards the solar
neutrino mixing parameter,
sin2 θ12 ≃ 1
3
(
1− A+B
9B
ǫ
)
≃ 1
3
(
1− 1
18
ǫ
)
. (19)
As already noted in [23], the correlation between |Ue3| and R is not particularly strong or
even absent in case of IH. The estimates for the solar neutrino parameters are not very
reliable in this case. Again, we present a numerical analysis of the general consequences.
We assume that |D| is one order of magnitude smaller than |A|, |B|, which in turn fulfill
|A| ≃ −|B|/2. Diagonalizing with such values the matrices from (7, 10) gives Fig. 2 (again
for ǫ = 0.1), which confirms our analytical estimates. We also display the ratio ∆m2A/〈m〉
in this Figure. Note that with opposite parities of the two mass states in case of IH it holds
that 〈m〉 ≃
√
∆m2A cos 2θ12, where for exact tribimaximal mixing cos 2θ12 = sin
2 θ12 = 1/3.
Again, changing the sign of ǫ (or perturbing the matrix in the eµ (ττ) instead of the eτ
(µµ) element) leads approximately to a reflection of sin2 θ12 and sin
2 θ23 = 1/2 around their
tribimaximal values.
One can again perturb the ee or the µτ element, which does not change Ue3 = 0 or
sin2 θ23 = 1/2 but alters θ12 according to Eqs. (14, 15). In our case of opposite CP parities
we have for a perturbation in the ee element that sin2 θ12 ≃ 13 + 427 AB ǫ with A/B ≃ −1/2.
Perturbing the µτ element also gives negligible corrections, namely sin2 θ12 ≃ 13 − ǫ/27.
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2.3 Radiative Corrections
Radiative corrections [24] can also play a role to generate deviations from tribimaximal
mixing. Running from a high scaleMX ≃ 1016 GeV at which the tribimaximal mass matrix
is assumed to be generated to the low scale has an effect on the mass matrix Eq. (5) of
m′ν =


A B −B(1 + ǫ)
· 1
2
(A+B +D) 1
2
(D −A−B)(1 + ǫ)
· · 1
2
(A+B +D)(1 + 2ǫ)

 ,where ǫ = c m2τ
16π2 v2
ln
MX
mZ
.
(20)
The parameter c is given by 3/2 in the SM and by −(1+tan2 β) in the MSSM. We find that
in the SM there are no sizable effects on the observables. In case of the MSSM, however,
interesting effects occur for NH and tanβ >∼ 30. We calculate in case of a normal hierarchy
the observables to be
|Ue3| ≃
√
2B
D
ǫ , sin2 θ23 ≃ 1
2
(1− ǫ) and sin2 θ12 ≃ 1
3
(
1− 2
9
(1 + 2A/B) ǫ
)
. (21)
With negative ǫ, as in the case of the relevant corrections in the MSSM, we have sin2 θ23
above 1/2 and sin2 θ23 above 1/3.
Considering IH we have two cases, corresponding to |A| ≃ |B|/2≫ |D| and |A| ≫ |B|, |D|.
The first possibility implies opposite CP parities of the leading mass states and the second
one identical parities, which is known to be unstable under radiative corrections [24]. It
turns out that in this case there is indeed an upper limit on tanβ, given by roughly
tan β >∼ 15, i.e., larger values are not compatible with the data. Both cases imply that Ue3
is small, namely of order ǫ2 or ǫD/A. For |A| ≃ |B|/2≫ |D| we find that
sin2 θ12 ≃ 1
3
(
1− 2
9B
(2A+B) ǫ
)
and sin2 θ23 ≃ 1
2
(1 + ǫ) . (22)
Therefore, with negative ǫ we have sin2 θ12 > 1/3 and sin
2 θ12 < 1/2. The same is implied
for the rather unstable case of |A| ≫ |B|, |D|, for which we find
tan 2θ12 ≃ 2
√
2 (1 + ǫ)
1 + (1 + A/B ǫ)
and sin2 θ23 ≃ 1
2
(1 + ǫ) . (23)
As expected, θ12 receives sizable corrections, since A/B ∼ 1/
√
R. Interestingly, sin2 θ12 is
always larger than 1/3 when radiative corrections are applied. We plot in Fig. 3 some of
the resulting scatter plots. The parameter Ue3 is below 0.01 in all three cases.
3 Perturbing the Mixing Matrix
The second possibility to deviate a zeroth order mixing scheme is by taking correlations
from the charged lepton sector into account. This approach has been followed mainly to
8
analyze deviations from bimaximal neutrino mixing [25, 26, 27], but also has been studied
in case of deviations from tribimaximal mixing [9, 10], where similar studies can be found.
We note here that the analysis in this Section is independent on the mass hierarchy of the
neutrinos. In general, the PMNS matrix is given by
U = U †ℓ Uν , (24)
where Uℓ is the 3 × 3 unitary matrix associated with the diagonalization of the charged
lepton mass matrix and Uν diagonalizes the neutrino Majorana mass term. As has been
shown in Ref. [27], one can in general express the PMNS matrix as
U = U˜ †ℓ Pν U˜ν Qν . (25)
It consists of two diagonal phase matrices Pν = diag(1, e
iφ, eiω) and Qν = diag(1, e
iρ, eiσ),
as well as two “CKM–like” matrices U˜ℓ and U˜ν which contain three mixing angles and
one phase each, and are parametrized in analogy to Eq. (1). All matrices except for U˜ℓ
stem from the neutrino sector and out of the six phases present in Eq. (25) five stem from
the neutrino sector. We denote the phase in U˜ℓ with ψ. The six phases will in general
contribute in a complicated manner to the three observable ones. In case of one angle in
Uν being zero, the phase in U˜ν is unphysical. Note that the 2 phases in Qν do not appear
in observables describing neutrino oscillations [27]. We assume in the following that Uν
corresponds to tribimaximal mixing, i.e., to Eq. (4).
Let us define λij to be the sine of the mixing angles of Uℓ, i.e., λij = sin θ
ℓ
ij . We can assume
that the λij are small and express the neutrino observables as functions of the λij. We
find:
sin2 θ12 ≃ 13 − 23 cφ λ12 + 23 cω−ψ λ13 ,
|Ue3| ≃ 1√2
∣∣λ12 + ei(ω−ψ−φ) λ13∣∣ ,
sin2 θ23 ≃ 12 − cω−φ λ23 ,
(26)
where we neglected terms of order λ2ij . We introduced the notations cφ = cosφ, cω−ψ =
cos(ω − ψ) and so on. The parameter λ23 does in first order not appear in sin2 θ12 and
|Ue3|, just as λ12,13 does not in sin2 θ23. The observed smallness of the deviation of sin2 θ12
from 1/3 indicates that the λij are very small.
There are two kinds of invariants parameterizing CP violating effects. First, we have the
Jarlskog invariant [28] describing all CP breaking observables in neutrino oscillations [29].
It is given by
JCP = Im
{
Ue1 Uµ2 U
∗
e2 U
∗
µ1
} ≃ 1
6
sφ λ12 +
1
6
sω−φ λ13 . (27)
Again, the notation is sφ = sin φ, sω−φ = sin(ω − φ) and so on. In the parametrization
of Eq. (1) one has JCP =
1
8
sin 2θ12 sin 2θ23 sin 2θ13 cos θ13 sin δ, which for sin
2 θ12 = 1/3,
maximal θ23 and small Ue3 simplifies to JCP ≃ 13√2 |Ue3| sin δ. The phase φ is in leading
order the phase governing low energy CP violation in neutrino oscillation experiments.
Note though that this does not necessarily imply3 that φ is identical to the Dirac phase δ
3We thank Steve King and Stefan Antusch for discussions on this point.
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in the parametrization of the PMNS matrix in Eq. (1).
Then there are two invariants S1 and S2 [30], only valid for Ue3 6= 0, which are related to
the two Majorana phases α and β. They are
S1 = Im {Ue1 U∗e3} ≃ 1√3sφ+σ λ12 + 1√3sω−ψ+σ λ13 ,
S2 = Im {Ue2 U∗e3} ≃ 1√6sφ−ρ+σ λ12 + 1√6sω−ψ−ρ+σ λ13 .
(28)
It is seen that the two phases ρ and σ from Qν appear only in S1 and S2, which are asso-
ciated with the Majorana phases.
Let us assume now a “CKM–like” hierarchy of the mixing angles in Uℓ, i.e., λ12 = λ,
λ23 = Aλ
2 and λ13 = B λ
3 with A, B real and of order one. In this case the CP conserving
observables are given by:
sin2 θ12 ≃ 13 − 23 cφ λ+ 16 (c2φ + s2φ) λ2 ,
|Ue3| ≃ 1√2 λ ,
sin2 θ23 ≃ 12 + 14 (c2φ + s2φ − 2− 4Acω−φ) λ2 ,
(29)
plus terms of O(λ3). We see that unless there is sizable cancellation due to the phase φ
we must have small λ. To first order we have from Eq. (2) that 2
3
cφ λ has to lie between
−0.08 and 0.09. For the CP violating observables we have
JCP ≃ 16sφ λ ,
S1 ≃ 1√3sφ+σ λ+ 12√3sσ λ2 ,
S2 ≃ 1√6sφ−ρ+σ λ+ 1√6sρ−σ λ2 ,
(30)
where again terms of order λ3 are neglected4. We see that the phase governing CP violation
in neutrino oscillations appears also in sin2 θ12. This phase has its origin in the neutrino
sector. Note that due to the hierarchical structure of Uℓ the phase ψ does appear only at
third order of λ in the observables.
We can obtain an interesting correlation from the expressions for the mixing parameters
in Eq. (29):
sin2 θ12 ≃ 1
3
− 2
√
2
3
cφ |Ue3| . (31)
A similar relation has been obtained in [10]. Moreover, the deviation of sin2 θ23 from 1/2
is of order |Ue3|2, which in turn is of order (1/3− sin2 θ12)2. If one of the parameters |Ue3|,
sin2 θ12 or sin
2 θ23 is close to its tribimaximal value 0, 1/3 or 1/2, then automatically the
others are as well.
4For the special case of ρ = σ = 0 we would have (to order λ3) that JCP ≃ S1
2
√
3
≃ S2√
6
, and the
magnitudes of the CP violating effects in neutrino oscillations and the CP violation associated with their
Majorana nature are directly proportional.
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Consider now the case of sizable λ: we can see from Eqs. (29) and (30) that for sizable λ
the parameter |Ue3| is also sizable. Since experimental data shows that sin2 θ12 is close to
1/3, the phase φ has to be around π/2 or 3π/2 so that the first term in the expansion for
sin2 θ12 vanishes. For such values of the phase, however, JCP is large. Hence, large |Ue3|
requires large CP violation. This correlation between |Ue3| and large CP violation would
be the case also if we identify Uℓ with the CKM–matrix, i.e., λ = sin θC = 0.22, where θC
is the Cabibbo angle. This scenario which has recently gathered some attention in case
of bimaximal Uν and received the name “Quark–Lepton–Complementarity” [26]. In our
case, if indeed λ = sin θC , then the predictions are (with φ ≃ ±π/2) that the deviation of
sin2 θ12 from 1/3 is very small and that sin
2 θ23 can differ only up to a few % from 1/2:
Ue3 ≃ 0.22/
√
2 ≃ 0.16 , sin2 θ12 ≃ 13(1− |Ue3|2) ≃ 0.325
and sin2 θ23 ≃ 12(1∓ 32Asω |Ue3|2) ≃ 0.49 . . . 0.52 ,
(32)
where A ≃ 0.8 was used. The phase ω in the expression for sin2 θ23, which determines the
size of the deviation from maximal mixing, is unobservable.
In Fig. 4 we see the result of an analysis of a scenario in which Uℓ is “CKM–like”. We vary
λ = sin θℓ12 between zero and 0.25 and choose λ23 = Aλ
2 and λ13 = B λ
3 with A and B
between 1/
√
3 and
√
3. Our analytical estimates from above are nicely confirmed.
4 Conclusions and final Remarks
Current neutrino data seems to favor tribimaximal mixing as a very valid scenario. Since
its predictions include Ue3 = 0 and θ23 = π/4, one is interested in breaking scenarios. To
get a feeling for the implied values of the neutrino mixing angles in such a situation, two
possibilities have been analyzed in this letter. First, the elements of the mass matrix were
perturbed and second, corrections to the tribimaximal mixing matrix from the charged
lepton sector were taken into account. In the literature one typically focuses on deviations
from Ue3 = 0 and θ23 = π/4, here we stress that also deviations from a zeroth order value
of θ12 might discriminate between different possible scenarios. We summarize the results
in Table 1. Since current data is already very close to tribimaximal mixing, there is little
room for deviations. Indeed, as can be seen from the Table and Figs. 1, 2 and 3, the
predicted values of |Ue3| in case of perturbing the mass matrix are rather small, typically
below 0.05 for the breaking parameter ǫ below 0.2. This will render them unobservable for
the next rounds of experiments. Deviations from maximal atmospheric mixing can be up
to order 10 %, which is a testable regime. Only a few cases result in a deviation of sin2 θ12
from 1/3 of order 10 %.
If the mixing matrix is perturbed by contributions from the charged lepton sector one
can in principle generate sizable deviations for all observables. The interesting case of
Uℓ = UCKM corresponds to sizable |Ue3| ≃ sin θC/
√
2 and large to maximal CP violation,
but implies only small deviations from sin2 θ23 = 1/2 and sin
2 θ12 = 1/3.
One summarizing statement of this work might be the following: if Ue3 deviates sizably
from zero, i.e., Ue3 >∼ 0.1, then this cannot be achieved by simple perturbations of a
11
”tribimaximal” mass matrix. Instead, charged lepton contributions are required, which we
showed to come in this case together with large CP violation.
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Results
Perturbation
NH IH (|A| ≃ |B/2|)


A B −B(1 + ǫ)
· 1
2
(A+B +D) 1
2
(D − A− B)
· · 1
2
(A+B +D)


|Ue3| = O(ǫ
√
R)
sin2 θ23 ≃ 12 +O(ǫ2)
sin2 θ12 ≃ 13(1 + |Ue3|√R )
|Ue3| ≃ ǫ4√2
sin2 θ23 ≃ 12(1 + ǫ)
sin2 θ12 ≃ 13 + 8
√
2
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|Ue3|


A B −B
· 1
2
(A+B +D)(1 + ǫ) 1
2
(D − A− B)
· · 1
2
(A+B +D)


|Ue3| = O(ǫ
√
R)
sin2 θ23 ≃ 12(1 + ǫ/2)
tan 2θ12 ≃ 2
√
2
1+O(ǫ/√R)
|Ue3| ≃ ǫ8√2
sin2 θ23 =
1
2
(1 + |Ue3|)
sin2 θ12 ≃ 13(1−O(ǫ))


A(1 + ǫ) B −B
· 1
2
(A+B +D) 1
2
(D − A− B)
· · 1
2
(A+B +D)


|Ue3| = 0
sin2 θ23 =
1
2
sin2 θ12 ≃ 13 + 427 ǫ
|Ue3| = 0
sin2 θ23 =
1
2
sin2 θ12 ≃ 13 − 227 ǫ


A B −B
· 1
2
(A+B +D) 1
2
(D − A−B)(1 + ǫ)
· · 1
2
(A+B +D)


|Ue3| = 0
sin2 θ23 =
1
2
sin2 θ12 ≃ 13 − 227 ǫ/
√
R
|Ue3| = 0
sin2 θ23 =
1
2
sin2 θ12 ≃ 13 − 127 ǫ


A B −B(1 + ǫMSSM)
· 1
2
(A+B +D) 1
2
(D − A−B)(1 + ǫMSSM)
· · 1
2
(A +B +D)(1 + 2ǫMSSM)


|Ue3| = O(ǫMSSM
√
R)
sin2 θ23 ≃ 12(1− ǫMSSM)
sin2 θ12 ≃ 13 − 29ǫMSSM
|Ue3| = O(ǫ2MSSM)
sin2 θ23 ≃ 12(1 + ǫMSSM)
sin2 θ12 ∼ 13(1− ǫMSSM)
U †ℓ Uν with Uℓ “CKM–like”
|Ue3| = λ√2 , JCP ≃ 16sφ λ
sin2 θ23 ≃ 12 + 14 (c2φ + s2φ − 2− 4Acω−φ) λ2
sin2 θ12 ≃ 13 − 2
√
2
3
|Ue3|
U †CKM Uν
|Ue3| = sin θC√2 , ≃ maximal CP violation
sin2 θ23 ≃ 12(1 +O(|Ue3|2)
sin2 θ12 ≃ 13(1− |Ue3|2)
Table 1: Typical predictions of the perturbation scenarios under discussion.
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Figure 1: Scatter plots of some of the correlations of the observables for the normal hierar-
chy resulting from Eqs. (7) and (10). The parameters A,B,D are complex and |A|, |B| are
smaller than D by one order of magnitude. The dark (red) points are for a perturbation
in the eτ element, the bright (green) points for a perturbation in the µµ element.
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Figure 2: Same as above for the inverted hierarchy. We have now |D| smaller than |A|, |B|
by one order of magnitude and |A| ≃ |B/2|.
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Figure 3: Scatter plot of sin2 θ12 against sin
2 θ23 generated by radiative corrections for
different situations resulting from Eq. (20). The parameters A,B,D are taken complex.
“NH” means that |D| ≫ |A|, |B|, “IH (opp.)” |A| ≃ |B|/2 ≫ |D| and “IH (same)”
|A| ≫ |B|, |D|.
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Figure 4: Scatter plot of |Ue3| against sin2 θ12 and sin2 θ23 and against JCP for a “CKM–
like” matrix Uℓ. Note that the ranges of sin
2 θ12 and sin
2 θ23 can overlap.
